Calculus BC Syllabus

School Profile 

School Environment
All math classes meet every day for at least 40 minutes. Approximately one out of every ten days, each class meets for 70 minutes.  Our school year consists of about 170 days, of which about 140 are class days before the AP® Exams. 

Course Sequences Leading to Calculus 

Gonzaga offers both Calculus AB and Calculus BC. Typically, our best students take the following sequence of courses: 

· one year (2 semesters) Algebra I 
· one-half year (1 semester) Geometry, covering all of the content from a regular Geometry course
· one year (2 semesters spanning 2 academic years) Precalculus
· one and one-half years (3 semesters) Calculus BC 

Students who enter Gonzaga at an advanced level can enter the above sequence at various points. 

Students who complete Calculus AB before their senior year may take the final two semesters of Calculus BC. 

Students who complete Calculus BC before their senior year may take advanced courses at Georgetown University through a bridge program, or a course in Linear Algebra at Gonzaga. 

Teaching Strategies

Classroom Dynamics. Because of a strong belief that students learn best by discovering new concepts for themselves, I attempt to promote an atmosphere of questioning, exploration, and excitement in the class­room. Rarely does a lesson proceed straight down a prepared path; we take frequent side trips. I encourage students to ask "what if" ques­tions (for which I often do not have ready answers). The objective is to engage students in enjoyable activities that promote interest in mathematics. I try to get them to ask the questions. I rarely, if ever, tell students that some new concept or type of problem is easy. I'd rather they feel a sense of accomplishment from being able to tackle hard concepts and problems than feel frustration at being stumped by even the easy ones. 

One consequence of Calculus reform and of the accessibility of technology is that questions are becoming much more interesting and diverse. The more experience students have with solving interesting and difficult problems, the better (both for the AP Examinations and in the long run). 

Homework. Students are assigned about 30-45 minutes of homework every night (including the night after a test). At the beginning of each class, students who have questions about a problem put the problem number on the board. Another student who is able to solve the prob­lem puts the solution on the board for extra credit. Homework is done in a notebook, which is collected once each marking period. 

Assessment. A test is given on each unit. Surprise quizzes (which may or may not be counted) are a daily feature of review periods. 

The issue of assessment in a technology-intensive classroom is one that teachers must resolve intelligently. My own approach is to allow the use of graphing calculators on nearly all unit tests. Occasionally, when I want to assess some mechanical skills that the technology would subvert, I simply give a "closed calculator" quiz, or include a section of a unit test that is “closed calculator” . Semester exams usually have a "closed calculator" component, imitating the format of the AP Examination. During review for the AP Examination, "closed calculator" quizzes are featured more frequently. Before the AP Exam, I make sure the students are proficient at using technology to perform the four basic activities required on it: graphing a function in an arbitrary window, finding roots and points of intersection, finding numerical derivatives, and approximating definite integrals. 

Laboratory Activities. In addition to test and quizzes, students are graded on several laboratory activities. At least one lab is assigned on each major content area. 

Calculus Journal. Students are also required to keep a Calculus Journal. Questions are given in class for students to respond to in their journals. For instance, one question this year was, "What is the most important concept we've learned in calculus so far? Justify your answer."  Another was, "Explain, in your own words, what the first fundamental theorem of calculus says."  Students are encouraged to write frequently in their journals, but responding to the questions is a minimal expectation. 

In addition to this written expectation, students present solutions to homework problems in class.  They are encouraged in these presentations and discussions to use precise language, avoiding, for example, the use of pronouns when referring to mathematical objects.
Major Themes 

For each new major idea, I attempt to examine the concept graphically, numerically, symbolically, and verbally and to illustrate connections among the three. I am also attentive to students’ verbal expression of concepts, and make repeated and determined efforts to encourage them to be precise in their use of language.  For example, students are not allowed to refer to a function as “it” when they explain a problem.  We use graphing calculators throughout the course. A brief list of some major themes and how technology is used as a tool to aid exploration follows. 

Continuity. A function is continuous at a point if, when one performs repeated "horizontal zoom in" operations (leaving the vertical scale unchanged) centered at the point of interest, a horizontal line can be produced. 

Derivative. The idea of "local" slope and "local linearity" is explored by zooming in to a graph with equal scaling horizontally and vertically. The idea of the derivative as a function is explored first by making a scatter plot of local slopes, then by graphing a difference quotient, like 
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Numerical Integral. Students calculate Riemann Sums first by hand (drawing in the rectangles that correspond to the terms of the sums), then with the aid of their calculators (so that they can see the sums converge to a limit as the partition size gets large).  Students complete a Riemann Sums lab activity.
First Fundamental Theorem. The function 
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is accessible through the use of technology. So, we generate a table of values for this function, make a scatter plot, compute the difference quotient for A(x), and plot these. This is one of my favorite activities in calculus. It is interesting and instructive to look at the locations of roots, extrema, and points of inflection on the graph of y = A(x), then change the lower limit, a, noting how the extrema and points of inflection on the graph are unchanged.  We complete two lab activities focused on the Fundamental Theorem.  

Differential Equations. Slope fields are used to provide graphical cues about the solution to differential equations. Analytic solutions are overlaid on slope fields, and Euler's method is used to generate numerical approximations to solutions of differential equation, which are then compared with graphic and analytic solutions.  We complete a lab activity on Newton’s Law of Cooling.
Taylor Polynomials. Plotting Taylor polynomials of increasing degree for some function (and "overlaying" the graphs) is an illuminating activity. A calculator program allows us to animate these graphs, which is a powerful visual tool. 

Error Analysis. Also accessible with technology are the errors in various approximations that we study throughout the course. For instance, the errors in the difference quotient approximation to a derivative for a small h can be analyzed. It is interesting to compare the errors in the one-sided versus the symmetric difference quotient approximations. Errors in Taylor polynomial approximations can also be examined easily.   Students complete a lab activity, “An Investigation into the Accuracy of Polynomial Approximations to Transcendental Functions” from the John Wiley AP Teachers Guide.
More Calculator Ideas 

The use of the graphing calculator in teaching calculus provides new ways to illuminate concepts and to involve students actively in the learning process. In addition to the teaching strategies mentioned above, here are some other ways that we use calculators to explore mathematics. 

1. 
To explore function transformations, we start by defining a basic function, for example 
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Graph y = f (x - 1) and y = f (x + 2) to illustrate horizontal translations; graph y = f (2x) and y = f (.25x) to illustrate horizontal stretches; graph y = f (x) - 1.5 and y = f (x) + 2 to illustrate vertical translations; graph y = .5 f (x) and y = -2 f (x) to illustrate vertical stretches. This makes a nice lab activity, and if the ideas are repeated throughout the course, students end up with a   good understanding of graphs and transformations. 

2. 
We illustrate the relationship between function and inverse by using parametric representations. Graph x1(t) = t, y1(t) = 2t ,x2(t) = y1(t) and y2(t) = x1(t). Throw in x3(t) = t and y3(t) = t to show   the line of symmetry. It is important to have a "square" viewing window to show the symmetry properly. We trace on the graph of (x1(t) ,y1(t)) and jump to the graph of (x2(t) ,y2(t)), watching the x- and y-coordinates switch. 

3. 
Most graphing calculators will do simple iterations on the home screen. This lends itself nicely to iterating Newton's method for finding roots of functions. Repeating the command X-F(X)/F'(X) → X over and over implements Newton's method. (Different initial "seed" values can be stored in X before starting   the iteration process.) 

4. 
To facilitate the discovery of the Chain rule, I ask students to guess the derivative of f (x) = sin(x2). Invariably, someone will suggest cos(x2). We therefore graph y = cos(x2), along with the calculator's "correct" derivative, then discuss ways to transform the incorrect guess to match the correct graph. Students see that a variable stretch is required, and before long they arrive at the correct symbolic derivative. 

5. 
Particle motion problems can be simulated with a parametric grapher. If a particle is moving along a vertical line, we define y(t) to be the position as a function of t, and x(t) to be a constant within the horizontal viewing window. Tracing along the graph allows students to "see" the particle move! 

6.
I illustrate the concept of local slope this way: Trace along a graph and pick off an ordered pair (x, y). Store these values in variables A and B. Pick off another nearby point (perhaps one pixel away from the first) and store these coordinates in C and D. The quotient
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then gives a good approximation of the local slope. Better accuracy can be obtained by "zooming in," thereby making the curves more linear. It is best to do this at a point where the slope is known (for example, at (1, 1) on the graph of y = x2, where the slope is 2.   

Students are led to the idea of the derivative function by a related in-class activity.  I assign each student (or pair of students) a point on the graph of 
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 to zoom in on.  They calculate the local slope at their point using the procedure discussed above.  We tabulate the results and make a scatter plot of slopes versus the x-coordinates.  It doesn’t take long for a student to suggest the rule 
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I make a conscious effort throughout the course to promote healthy skepticism in students for machine results. I nurture this skepticism with planted examples that foil technology. For instance: 

· We repeatedly zoom in horizontally to the graph of
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until the limits of machine precision are reached, then watch the fireworks!  

· We evaluate 
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Students are surprised when the machine quickly returns zero, presenting us with a wonderful opportunity to discuss how the machine could get that result. (To evaluate a definite integral, the machine partitions the interval and computes a Riemann sum. It then partitions it again using a larger n, then again with a still larger n, and so on. When the answers stop changing, the machine figures that it has converged to the integral. The interval [0, 5000] is so large that the values in the Riemann sum are all "zero."  The calculator gets three straight zero sums in a row, and incorrectly assumes it has found the integral!) 

· We numerically evaluate the derivative of at y =|x| at x=0. Many machines incorrectly return 0 for the result. (That's the value returned by the "symmetric" difference quotient approximation.)  The intention here is not to encourage students to toss their calculators away, but rather to provide guidance regarding when a machine's results should be questioned.  See the article “Lies My Calculator Told Me” on AP Central for further discussion.
AP Calculus BC Course Outline  

Preliminary. Students who begin Calculus BC have already had experience using graphing calculators. Nonetheless, time is spent at the beginning of the course addressing issues of the limitations of technology, including round-off error, hidden behavior examples, and other issues. This outline assumes one and one-half semesters of Calculus BC before the AP Examination. Each semester has about 70 class days. 

Unit I: Functions 12 days 

Lab: Exploring function transformations f(x + h), f(x) + k, a*f(x), f(b*x), f(|x|),|f(x)| 

· Multiple representations of functions 
· Absolute value and interval notation 
· Domain and range 
· Categories of functions, including linear, polynomial, rational, power, exponential, logarithmic, and trigonometric 
· Even and odd functions 
· Function arithmetic and composition 
· Inverse functions 
· Parametric relations 
Unit II. Limits 11 days 

Lab: Computing limits graphically and numerically 

· Informal concept of limit 
· Language of limits, including notation and one-sided limits 

· Calculating limits using algebra
· Properties of limits 
· Limits at infinity and asymptotes 
· Estimating limits numerically and graphically 

· Comparing growths of logarithmic, polynomial, and exponential functions
· Idea of continuity and the limit definition
· Types of discontinuities 
· The Intermediate Value and Extreme Value Theorems 
· Local and global behavior 
· Rate of change concept 
· Tangent lines, including using the tangent line to approximate a function 
· Formal definitions of limit and continuity 
Unit III. The Derivative 25 days 

Lab: The derivative and differentiability
· Linear functions and local linearity 
· Slope-intercept, point slope, and Taylor forms of linear equations 
· Difference quotient definition of derivative; computing the derivative at a point using the definition 

· Estimating the derivative from tables and graphs

· Relationship between differentiability and continuity. 
· Symmetric difference quotient definition 
· The derivative as a function; computing derivative functions from the definition 
· Derivative as a rate of change 
· Rules for computing derivatives; formulas for all relevant functions, including implicitly defined functions 
Unit IV. Applications of Derivatives 17 days 
Lab:  An Investigation into the Accuracy of the Tangent Line Approximation
· Finding extrema 
· Increasing and decreasing behavior 
· The Mean Value Theorem 
· Critical values and local extrema 
· The first and second derivative tests 
· Concavity and points of inflection 

· Comparing graphs of 
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· Modeling and optimization 

· Particle motion; position, velocity, and acceleration functions
· Linearization and the Taylor form of the equation of a line 
· Newton's method 
· Related rates problems 
Review for Semester Exam  5 days 

Unit V. The Definite Integral  22 days 

“Car” Lab: Speedometer readings and distance traveled 

Lab:  Accumulation Functions (from College Board Professional Development Workshop Materials Special Focus:  The Fundamental Theorem)
Lab:  Riemann Sums (from Texas Instruments Calculus Activities)

Lab:  The Fundamental Theorem (from College Board Professional Development Workshop Materials Special Focus:  The Fundamental Theorem)
· Area under a curve and distance traveled 
· Summation notation and partitions 
· Riemann sum 
· Definition of the definite integral as the limit of a Riemann sum 
· Linearity properties of definite integrals 
· Average value of a function 
· Definition of antiderivative 
· The idea of area function; discovering the fundamental theorem 
· The First and Second Fundamental Theorems of Calculus and their uses
· The Mean Value Theorem for Integrals, and using the Fundamental Theorem to connect the two Mean Value Theorems
· Numerical Integration techniques: left endpoint, right endpoint, midpoint, trapezoid, and Simpson's  rules 
Unit VI. Differential Equations and Mathematical Modeling  24 days
Lab:  Using Slope Fields (from Texas Instruments Calculus Activities) 
· Initial value problems 

· Translating verbal descriptions into differential equations
· Antiderivatives and slope fields 
· Linearity properties of definite integrals 
· Techniques of antidifferentiation: substitution and integration by parts 
· Solving separable differential equations analytically
· The domain of the solution of a differential equation
· Exponential growth problems 

· The logistic model and antiderivatives by partial fractions 
· Solving initial value problems by Euler's method 
· Solving initial value problems visually using slope fields 

· Solving initial value problems using the Fundamental Theorem
Unit VII Applications of Definite Integrals 23 days 

· Integral of a rate of change gives net change 
· Measuring area under and between functions; Cavalieri's principle 
· Measuring volume of solids of known cross sectional area and solids of revolution 
· Applications to particle motion -- net and total distance traveled 
· Arc length of function graphs

Review for Semester Exam 5 Days
Unit VIII. Parametric, Vector, and Polar Functions 17 days 

· Length of parametrically defined curves 
· Vectors and vector-valued functions 
· Calculus of vector functions 

· Calculus of polar functions, including slope, length, and area

Unit IX. Sequences 12 days 
· Idea and notation for sequences; arithmetic, harmonic, alternating harmonic, and geometric sequences 
· Definitions of convergence and divergence 
· Bounded, monotonic, oscillating sequences 
· Limit properties of sequences 

· L’Hopital’s Rule and indeterminate forms
· Relative rates of growth of functions

· Improper integrals and the comparison test

Unit X. Series 24 days 
Lab Activity: An Investigation into the Accuracy of Polynomial Approximations to Transcendental Functions

· Definition and notation of series; sequence of partial sums telescoping, geometric, harmonic, alternating harmonic series
· Repeating decimals expressed as infinite geometric series; using substitution and antidifferentiating to calculate series for ln(1+x) and arctan(x) from geometric series

· Terms of series as areas of rectangles; relationship to the integral test
· Power series; interval and radius of convergence defined
· Taylor series 

· Maclaurin series for 
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· Functions defined by series
· Taylor polynomials 
· Taylor's theorem with Lagrange form of the remainder 

· Alternating series error bound

· Linearity properties of series 
· Radius of convergence: nth term test; direct comparison test; absolute and conditional convergence;  ratio test 
· Interval of convergence and testing endpoints; integral test; p-series; limit comparison test; alternating series test
Review for AP Exam 22 days 
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