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  77 

5 Number Systems 
 

5.1 Prologue 
 
What is 5, mathematically speaking?  There are many possible answers.  Five is how 
many fingers I have on my right hand.  Five is what follows four.  And five is the 
property that all sets of “five” objects have in common.  But the last definition seems 
to be circular: How can we tell that two sets have the same number of elements 
without counting?  And to count, you already need to know one, two, three, four, 
five... 
 
It turns out, however, there is a simple method of comparing the numbers of elements 
in two sets without counting.  If we can establish a correspondence between the two 
sets, such that each element of the first set is paired up with exactly one element of 
the second set and vice-versa, then we can be sure the two sets have the same number 
of elements.  Suppose, for example, that there are several students and several 
backpacks on the playground.  Ask each student to pick up one backpack.  If there 
are not enough backpacks for all the students, the set of students has more elements, 
and if there are some backpacks left on the ground, the set of backpacks has more 
elements.  If every student gets one backpack, and there are no backpacks left, then 
the number of students and the number of backpacks are the same.  Another example: 
if you can touch with each finger of one hand a different object in a set, and no 
objects remain untouched, then the set has five elements. 
 
It would be nice to create one special set of five different objects, so that we could 
compare every other set to it.  Suppose the world is populated only by sets, as in pure 
set theory.  How can we devise five different objects in such a world?  Take the 
empty set ∅  — call it 0.  Now take a set of one element: { }∅  — call it 1.  Now take 

the set that contains 0 and 1 as elements: { }{ },∅ ∅  — call it 2.   

{ } { }{ }{ }, , ,∅ ∅ ∅ ∅  is 3.  And so on. 
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5.2 Positional Number Systems 
 
Once we have figured out, more or less, what a number is, the question remains how 
to represent different numbers.  What is 34, for example?  This combination of two 
digits represents a crucial invention of human civilization, a positional number 
system.  Without it we would still be writing 34 as XXXIV or something like that.  
Whereas in our system it is easy to see: 34 is three times ten plus 4.  Ten is a magic 
number, the base of our positional system.  We probably picked ten simply because 
humans have ten fingers.  If you need to tell a stranger who doesn’t speak your 
language that you are willing to swap your iPod for 34 apples, it is convenient to 
gesture three times with both hands open and then once more with four outstretched 
fingers.  So the importance of ten is a human universal, constant across languages 
and cultures. 
 
If you have a number 2 1 0

decimal digits

...nd d d d , where id  is the i-th digit, then that number is 

equal to 2
2 1 010 ... 10 10n

nd d d d⋅ + + ⋅ + ⋅ + .  For example, 2347 3 10 4 10 7= ⋅ + ⋅ + . 

� � � 

Now imagine what would happen if we humans had only three fingers.  We would 
count 1, 2, ... and then what?  Three would become our magic number!  After 2 we 
would write 10, 11, 12, then 20, 21, 22, and then... 100.  321  (21 base 3) would mean 

102 3 1 7⋅ + =  (7 base 10).  14 would become 112, and instead of 34 we would write 
1021 ( 3 2

3 101021 1 3 0 3 2 3 1 34= ⋅ + ⋅ + ⋅ + = ). 
 
The “base 3” system would have its advantages.  For one, there would be fewer digits 
to learn, and it would be easier to learn how to count: one, two, ten, eleven, twelve, 
twenty, and so on.  And you could live to celebrate your 100th birthday (our age 9), 
1000th birthday (our age 27), and even 10000th birthday (our age 81).  On the other 
hand, your phone number, instead of 10 digits, would need 20 or 21 — hard to 
remember. 

� � � 

We can do arithmetic on numbers written in base 3 (or any other base) in the same 
manner as we do arithmetic in base 10. 
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Example 1 
 
Calculate 22113 + 1023 
 

Solution 
 
 

+  2211 
  102 
10020 

1 + 2 (= 310) = 103  ⇒  write 0, carry 1. 
1 + 0 + 1 (= 210) = 23   ⇒  write 2, carry 0. 
2 + 1 + 0 (= 310) = 103   ⇒  write 0, carry 1. 
2 + 0 + 1 (= 310) = 103   ⇒  write 0, carry 1. 
Write 1. 

 
 

Example 2 
 
Calculate 2·14235 
 

Solution 
 
 

× 
3 · 2 (= 610) = 115  ⇒  write 1, carry 1. 
2 · 2 + 1 (= 510) = 105   ⇒  write 0, carry 1. 
2 · 4 + 1 (= 910) = 145   ⇒  write 4, carry 1. 
2 · 1 + 1 (= 310) = 35   ⇒  write 3. 

1423 
   2 
3401 

 
 

Exercises 
 
1. Find all two-digit numbers (base 10) such that the number is equal to twice 

the sum of its digits.  Find all two-digit numbers such that the number is 
equal to 7 times the sum of its digits.   

 
2. Take any number and subtract from it the sum of all its digits (base 10).  

Show that that difference is always evenly divisible by 9. 
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3.� In a Sudoku puzzle you need to fill a 9 by 9 grid with numbers in such a way 
that each row, each column, and each of the nine 3 by 3 squares contains all 
the numbers from 1 to 9.  Take any completed Sudoku grid and combine the 
first three columns into one column of 3-digit numbers.  Do the same for the 
next three columns and the last three columns.  Prove that the sum of the 
numbers in all three new columns is the same.  What is the value of that 
sum? 

 
4. Write 1510 and 2410 in base 3.   
 
5. Write 1213 and 20203 in base 10. 
 
6. Write 100111002 in base 10.   
 
7. Subtract 1 from 100003 and write the answer in base 3. 
 
8.� Write 2435 in base 7. 
 
9. Calculate 2013 + 123 and 2013 - 123 without converting the numbers into 

decimal representation.   
 
10.� How can you quickly tell whether a number, written in base 3, is even (that 

is, evenly divisible by 2)? 
 
11.� Take a 3 by 3 magic square: 

 
8 1 6 
3 5 7 
4 9 2 

 
It contains all numbers from 1 to 9, and the sum of the numbers in each row, 
each column, and each of the two diagonals is the same.  Subtract 1 from 
each number.  Convert each number into a two-digit base-3 number (adding 
a leading zero where necessary).  In the resulting grid, each row has 0, 1, 2 as 
first digits and as second digits, in some order.  The same for columns.  All 
nine combinations of two digits are different.   Such an arrangement is 
known as Greco-Roman square.  (The original design used the Greek letters 

, ,α β γ  instead of 0, 1, 2 as the first digits and the Latin letters A, B, C as 
second digits.  Each row and each column would have all three Greek letters 
and all three Latin letters, and all nine combinations would be different.)  
Construct a 5 by 5 Greco-Roman square and then a 5 by 5 magic square. 
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5.3 The Binary, Octal, and Hexadecimal Systems 
 
The next step, of course, is to pretend that we don’t have any fingers at all, just two 
hands.  Then we would have only two digits, 0 and 1.  This base 2 system is called 
the binary system.  In the binary system, non-negative integers are represented like 
this: 
 
   Base 10: Binary: 
 0 0 
 1 1 
 2 10 
 3 11 
 4 100 
 5 101 
 6 110 
 7 111 
 8 1000 
 ... ... 

 
It is very convenient to use binary representation of numbers in computers: as we 
know, each bit in the computer memory can represent only two values, 0 and 1.  
However, binary numbers are hard to work with for humans because even small 
numbers are far too long in binary representation.  For example, 9810 = 11000102.  
We need a compromise: a system that is easy to convert to binary and also easy to 
read for humans (at least for programmers). 
 
There are two such systems: octal and hexadecimal.  The octal system uses base 8 
and has eight digits: 0 - 7.  Each of these digits can be represented by a three-digit 
binary number (with leading zeros): 
 
 0 000 
 1 001 
 2 010 
 3 011 
 4 100 
 5 101 
 6 110 
 7 111 

 
To convert an octal number into binary, simply replace each octal digit with its 
3-digit binary representation.  Experienced programmers know the bit patterns for the 
octal digits and can translate them instantaneously. 
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Example 1 
 
35618 = 011 101 110 0012 = 0111011100012 

� � � 

The reverse conversion, from binary to octal, is also easy: split the string of binary 
digits into triplets, starting from the rightmost digit (add leading zeros on the left if 
necessary), then write the corresponding octal digits. 
 

Example 2 
 
110101111002 = 011 010 111 1002 = 32748 

� � � 

The hexadecimal system uses base 16.  Its 16 digits are 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, A, 
B, C, D, E, and F.  A stands for 10, B for 11, etc.; F stands for 15.  Each of these 
digits can be represented by a four-digit binary number, as follows: 
 
 0 0000 
 1 0001 
 2 0010 
 3 0011 
 4 0100 
 5 0101 
 6 0110 
 7 0111 
 8 1000 
 9 1001 
 A 1010 
 B 1011 
 C 1100 
 D 1101 
 E 1110 
 F 1111 

 
To convert a “hex” (hexadecimal) number into binary, just replace each hex digit 
with its 4-digit binary representation.  To convert back, split the string of binary 
digits into quads, starting from the right, and replace each quad with its hex 
equivalent.  Again, experienced programmers remember the bit patterns for the hex 
digits and can do these conversions very quickly. 
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Example 3 
 
 B6F816 = 1011 0110 1111 10002 
 
 0111 0110 1110 10102 = 76EA16 

� � � 

These days, octal numbers are used less and less; the hex system is far more popular, 
simply because you can conveniently represent the value of one byte (eight bits) as 
two hex digits. 
 
To convert a binary number into base 10 manually, it is faster to first convert it into 
hex, then hex into base 10. 
 

Example 4 
 

2111010010   hex 1D2  256 13 16 2  466= = + ⋅ + =  

� � � 

The same is true for converting decimal into binary: first convert the number into 
hex, then hex into binary. 
 

 
 
Programming languages support octal and hex numbers.  In Python, for example, a 
sequence of octal digits precedeed by 0o (zero and the letter ‘o’) represents a number 
base 8.  Try it: 
 
>>> 0o46 # octal digits 
38 
>>> -0o46 
-38 

 
A hex number is written with the 0x prefix.  You can use uppercase or lowercase 
letters for the hex digits: 
 
>>> 0x1D2 
466 
>>> 0x1d2 
466 
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A binary number is written using the 0b prefix, followed by binary digits. 
 
Python has a way to convert a number into a string of hex, octal, or binary digits.  
Try: 
 
>>> hex(466) 
'0x1d2' 
>>> '{0:x}'.format(466) 
'1d2' 
>>> '{0:04x}'.format(466) 
'01d2' 

 
>>> oct(38) 
'0o46' 
>>> print('{0:o}'.format(38)) 
46 
 
>>> bin(38) 
'0b100110' 
 

You will often see hex numbers written with leading zeros, because hex numbers 
often represent the contents of a fixed-length group of bytes.  In Python, an int 
value is usually represented in 4 bytes. 
 
The built-in int function provides a way to convert a string of digits, written in any 
given base, into an int value.  Try: 
 
>>> x = int('46')   #default base 10 
>>> x 
46 
>>> x = int('46', 8) 
>>> x 
38 
>>> x = int('1d2', 16) 
>>> x 
466 
>>> x = int('111010010', 2) 
>>> x 
466 

� � � 

As you can see, “binary” arithmetic is similar to regular arithmetic (Figure 5-1).  To 
add two binary numbers, write them one underneath the other with the unit digits 
aligned.  Add the unit digits.  If the result is 2, subtract 2 and set the carry bit.  Write 
the result.  Add the 2s digits and the carry bit.  If the result is 2 or 3, subtract 2 and 
set the carry bit.  Write the result.  And so on.  Subtraction is similar. 
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 0 0 0 0 1 0 0 0 0 1 1 1  

1011010100011 
     11000111 

1011101101010 

+ 

Carry bit 

 
Figure 5-1.   Binary addition 

 

Exercises 
 
1. What is the largest integer that has 7 binary digits?  15 digits?   
 
2. Convert hex 90AB into binary. 
 
3. Convert binary 01011101011 into hex.   
 
4. Convert hex F0C2 into octal. 
 
5. What are the results, written in base 2, of the following operations?   

 
10111002 * 410 10111002 / 410 

 
6.� Write and test a function that counts and returns the number of bits (binary 

digits) set to 1 in a positive integer: 
 
def countBits(n): 
    'Returns the count of bits set to 1 in a positive integer' 
    ... 

For example, countBits(12) should return 2, because 12 = 0...011002. 

Hints: 

1. Check the digits from right to left. 

2.  n % 2 returns the rightmost (least significant) digit in the binary 
representation of n.  (a % b is read “a modulo b,” and means the 
remainder when a is divided by b.) 

3. n //= 2 divides n by 2 and truncates the result to an integer, in effect 
shifting the binary digits to the right by one and getting rid of the least 
significant digit. 
 

 

 

 
 
 
 
 
 
 
 

 

C
op

yr
ig

ht
 ©

 2
00

8-
20

10
 b

y 
S

ky
lig

ht
 P

ub
lis

hi
ng

 



86 CHAPTER 5  ~  NUMBER SYSTEMS 

  

7.� Write a program that prompts the user to enter a non-negative integer, 
converts it into a string of binary digits, and prints out the string.  Pretend 
that the built-in function bin does not exist and implement the conversion in 
a separate function: 
 
# Returns a string that represents a given non-negative 
# integer n as a string of binary digits. 
# Precondition: n is an int; n >= 0 
def intToBin(n): 
    '''Converts n >= 0 into a string of binary digits 
    and returns that string''' 
    ... 

 
Hints: 

1. You might want to get rid of the case n == 0 right away: 
 

    if n == 0: 
         return '0' 

 

2. Go from right to left and append subsequent digits at the front of the 
result string: 

 
    s = str(lastDigit) + s 

 

3. Convert the string of binary digits back into an int (using the str 
function) and print it out to test your intToBin function: 

 
    n = ... 
    s = intToBin(n) 
    print(int(s, 2)) 

 

4. Adapt the code from PY\Ch04\Sums1toN.py to prompt the user for a 
non-negative integer. 
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5.4 Representation of Numbers in Computers 
 
In Python, int and float values are represented in a manner convenient for popular 
microprocessors. 
 
An int usually takes 32 bits (4 bytes).  If we used all 32 bits for representing 
unsigned (non-negative) integers in binary, we would be able to represent all the 
numbers in the range from 0 to 232 - 1.  Python interprets only the numbers in the 
range from 0 to 231 - 1 as non-negative; for these numbers, the most significant bit is 
0.  The numbers in the range from 231 to 232 - 1 (that is, the numbers with the most 
significant bit set to 1) are interpreted as negative.  The representation of negative 
numbers is called two’s complement: unsigned n is interpreted as 322n − .  In the 
two’s complement system, 11....111 (thirty-two 1s) is -1; 11....110 is -2; and 
so on.  The most significant bit becomes an indicator of sign (Figure 5-2). 
 

 

10111100 01110110 10000101 00011010 

Sign bit 

 Binary digits of n

If the sign bit is 0, the number is interpreted as n (non-negative). 
If the sign bit is 1, the number is interpreted as n - 232 (negative). 

 
Figure 5-2.   Representation of integers in 32 bits.  Negative 

numbers are represented in two’s complement system. 

 
The two’s complement system is convenient because ( )32 322 2x x− + = , which is 

outside of the 32-bit range; the most significant bit gets lost, and the result is 0.  The 
CPU can perform arithmetic as if operating on 32-bit unsigned numbers — it is not 
even aware of what we interpret as negative numbers. 
 

In Python, hex(-1) returns '-0x1' and  0xffffffff is converted into 
a positive integer.  In other languages (C, Java)  -1 corresponds to 
'0xffffffff'. 

 
(In Chapter 7 you will write your own function that converts an int into a string of 
hex digits without the sign.) 
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� � � 

A float usually takes 64 bits (8 bytes) and represents a number in the standard way 
expected by the CPU.  Like scientific notation, this representation consists of a sign, 
a fractional part (mantissa) and an exponent part, but here both the mantissa and the 
exponent are represented as binary numbers.  The IEEE (Institute of Electrical and 
Electronics Engineers) standard for an 8-byte (64-bit) representation uses 1 bit for the 
sign, 11 bits for the exponent and 52 bits for the mantissa.  1023 is added to the 
exponent to ensure that negative exponents are still represented by non-negative 
numbers. 
 
This 8-byte format allows us to represent numbers in the range from approximately 
-1.8×10308 to 1.8×10308, with about 17 decimal digits of precision.  Note that you can 
represent in this format “only” 264 different numbers, while there are infinitely many 
real numbers.  Conversion from decimal to binary may introduce a small error. 
 

� � � 

There are many applets (little programs embedded into web pages) on the Internet 
that illustrate binary and hex representation of numbers and allow you to play with 
number conversions. 

� � � 

With a little work, we can also represent rational numbers in a computer.  A rational 
number is a fraction with an integer numerator and denominator.  As we said earlier, 
Python offers a way to introduce a new class of objects and redefine common 
operators for it.  So we could define a class to represent fractions: 
 
class Fraction(object): 
    def __init__(self, num, denom):  # num is numerator 
        self.num = num 
        self.denom = denom 
        reduce(self) 
    def __str__(self): 
        return '{0:d}/{1:d}'.format(self.num, self.denom) 
    def __add__(self, other): 
        return Fraction(self.num * other.denom +    \ 
                            other.num * self.denom, \ 
                            self.denom * other.denom) 
 
    ... # etc. The code for the reduce function is not shown. 
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Then 
 
>>> f1 = Fraction(1, 2) 
>>> f2 = Fraction(1, 3) 
>>> print('{0:s} + {1:s} = {2:s}'.format(f1, f2, f1 + f2)) 

 
would display 
 
1/2 + 1/3 = 5/6 

 

Exercises 
 
1. If integers are represented in four bytes and negative numbers are 

represented in the two’s complement system, what number does FFFFFACE16 
represent?   

 
2. Explain the result of 

 
>>> 1000000000.0 + 0.0000000001 

 
3. Explain the result of 

 
>>> 3 * 0.1 == 0.3 

 
4. Find the smallest positive integer n, such that in Python 

int((17.0 / n) * n) != 17.0.   
 
5. Python allows you to enter floating-point values in “calculator” notation, 

similar to scientific notation.  For example, 1.23e5 represents 51.23 10× ; it 
will be displayed as 123000.0.  By default, Python also displays large 
floats in “calculator” notation.  Find the smallest power of 10 and the 
smallest power of 0.1 that will be displayed in this way. 
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6.� Find the fraction with a denominator less than or equal to 20 that best 
approximates π . 

Hints: 

1.  
from math import pi 

2.  The built-in function round rounds a float to the nearest int; the 
built-in function abs returns the absolute value of a number.  

3.   
  if distance < bestDistance: 
        bestDistance = distance 
        bestNum = num 
        bestDenom = denom 

 
 

5.5 Irrational Numbers 
 
Between integers and fractions, all the numbers should be covered, right?  That’s 
what Pythagoras and his disciples believed, about 2500 years ago.  Around 550 BC, 
Pythagoras founded a small religious “brotherhood,” made up of Greek immigrants, 
in the city of Croton on the shores of southern Italy.  Pythagoreans made great 
contributions to geometry, and they were the first to study numeric relations in 
music: they figured out simple ratios of frequencies for pleasant combinations of 
musical sounds.  They literally worshiped numbers.  But, as it often happens, their 
own discoveries eventually challenged their beliefs. 
 
Pythagoreans believed that any number is either a whole number or a rational 
number (that is, a ratio, a fraction with an integer numerator and denominator).  
Pythagoreans thought of numbers in terms of geometry, as ratios of lengths of 
segments.  They knew how to find the hypotenuse of a right triangle with the given 
legs (using the Pythagorean theorem, of course).  So, eventually, they had to ask: 
what is the ratio of the diagonal of a square to its side?  From the Pythagorean 
theorem, if the side is a, and the diagonal is d, we should have 2 2 2a a d+ =  or 

22

2 2d d
a a

⎛ ⎞= =⎜ ⎟
⎝ ⎠

.  So what kind of number is d
a

?  Is it a rational number?  (The 

legend has it that when one of the disciples proved that this ratio cannot be a rational 
number, he didn’t end well: fellow Pythagoreans drowned him in a fountain for this 
“heresy.”) 
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The first proof of irrationality of 2  most likely used geometry.  Something like 
this.  Suppose the side of a square is mx and the diagonal is nx where m and n are 
integers and x is a “unit segment,” a “common measure” of a and d.  Let’s assume 
that m and n are the smallest possible such integers.  However, we can construct a 
smaller square (Figure 5-3) with the side ( )n m x− , and the diagonal (2 )m n x−  
which has the same property: n-m and 2m-n are integers.  But these integers are 
smaller than m and n, respectively.  So the initial hypothesis was wrong.  This 
method of proof is called proof by contradiction. 
 

 

n 
m 

n-m 

2m-n 

 

Figure 5-3.  A geometric proof of irrationality of 2 . 

 

� � � 

Here is a more modern, algebraic version of the proof.  Suppose there exists a 

rational number n
m

 such that 
2

2 2n
m

= .  Let’s take the smallest such numbers m and n 

(by reducing the fraction).  2 22n m= , so n must be an even number.  (If n were odd, 
2n  would be odd, too.)  So 2n k= , for some k.  Then 2 24n k= ⇒  

2 2 2 24 2 2k m k m= ⇒ = .  So m must be even, too.  Since both m and n are even, we 
can reduce the fraction further and get a smaller integer numerator and denominator.  
This contradicts the assumption that m and n exist in the first place. 
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That’s how the first irrational number was discovered.  2a b+  (with integer a 
and b), 3 , and so on are all irrational, too.  Eventually mathematicians proved that 
π  is irrational.  Much later, in the 19th century, a German mathematician Georg 
Cantor proved that there are “significantly more” irrational numbers than rational 
numbers.  Both sets are infinite, of course.  Cantor devised a way to compare infinite 
sets.  In his theory, the set of rational numbers is “countable,” that is, it belongs to the 
same category of infinity as the set of positive integers.  The set of irrational numbers 
is in a different category of infinity: it is not countable. 
 

Exercises 
 
1.� Positive integers a, b, and c are said to form a Pythagorean triple if 

2 2 2a b c+ = .  It is fairly easy to show that if we take any integers 0 m n< < , 
then 2 2a n m= − , 2b mn= , and 2 2c n m= +  form a Pythagorean triple.  For 
example, if we take m = 1, n = 2, we get a = 3, b = 4, c = 5.  How many 
different pairs of integers 0 7m n< < ≤  are there?  Write a Python program 
that will generate Pythagorean triples for all such pairs.   

 
Hint: 

Python supports objects called “tuples”: a tuple is a list of items, separated by 
commas, within parentheses.  A Python function can return a tuple.  For 
example: 
 
    return (3, 4, 5) 

 
You can print a tuple using the print function.  For example: 
 
    t = (3, 4, 5) 
    print(t) 
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2.� If 2a = , then 2a
a

= .  Let’s start with 1x =  and repeatedly replace x with 

the arithmetic mean of x and 2
x

.  If we keep repeating this operation, x will 

get closer and closer to 2 .  Write a program that uses this method to 
evaluate 2  accurately to at least 5 digits after the decimal point.  This 

accuracy is achieved when 2 0.00001x
x

− < .  Display the resulting estimate 

and the number of iterations that was required to obtain it.  Compare your 
result with the value returned by sqrt(2). 

Hints: 

1. from math import sqrt 

2. x = (x + 2 / x) / 2 

3.  abs(d) returns the absolute value of d. 

 
 

3.� The golden ratio g is defined by the proportion 1
1 1
g

g
=

−
, as shown in the 

picture below: 
 

 

g 

1 

g-1 

1 

 
 
Solve the equation (see Question 7 in Section 3.5), then find the fraction with 
a denominator under 50 that best approximates the golden ratio. 
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5.6 Review 
 
Terms and notation introduced in this chapter: 
 

Positional number system 
Base of a number system 
Binary system 
Octal system 
Hexadecimal system 
Two’s complement representation 
         of negative integers 

Floating-point number 
Rational number 
Irrational number 
Golden ratio 
 

 
Some of the Python features introduced in this chapter: 
 

0x12AB, 0x12ab 
 
0o123 
 
0b100110 
 
int('12AB', 16) 
 
hex(466) 
 
print('{0:04x}'.format(466)) 
 
from math import pi 
 
from math import sqrt 
 
t = (3, 4, 5); print(t) 
 
abs(d) 

 

 

 
 
 
 
 
 
 
 

 

C
op

yr
ig

ht
 ©

 2
00

8-
20

10
 b

y 
S

ky
lig

ht
 P

ub
lis

hi
ng

 


