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11 Recurrence Relations 
and Recursion    

 

11.1 Prologue 
 
In Chapter 1 we talked about different ways to define a function: in words, with a 
table, with a chart, or with a formula.  But we left out one very important method: we 
can also describe a function, especially a function on positive (or non-negative) 
integers, recursively.  Here is an example.  Suppose you state that a function f with 
the domain of all positive integers is defined as follows: 
 

 
1, if 1

( )
( 1), if 1
n

f n
n f n n

=⎧
= ⎨ ⋅ − >⎩

 

 
This definition does not tell us right away how to find the value of ( )f n .  ( )f n  is 
described in terms of ( 1)f n −  (except for one simple base case, 1n = ).  And yet, 
with some work, we can find the value of ( )f n  for any positive n.  Let’s see: we 
know that (1) 1f = .  Next: (2) 2 (1) 2 1 2f f= ⋅ = ⋅ = .  Next: (3) 3 (2) 3 2 6f f= ⋅ = ⋅ = .  
Next: (4) 4 (3) 4 6 24f f= ⋅ = ⋅ = .  And so on.  There is only one function that 
satisfies the above definition.  In this case you can easily find a formula to describe 
this function: it is our old friend ( ) !f n n=  (n-factorial). 
 
Recursion is a powerful tool for defining functions.  The designers of computer 
hardware and programming languages have made sure that recursion is also 
supported in programming languages. 
 

11.2 Recurrence Relations 
 
Recall that a function defined on the set of all positive integers can be expressed as a 
sequence of the function’s values: 1 2, , ..., , ...na a a .  To define such a function 
recursively, we define each term of the sequence, except the first (or, perhaps, the 
first few), through its relation to the previous term(s).  The relation that connects the 
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n-th term to one or more of the previous terms is often the same for each n.  It is 
called a recurrence relation.  For example:  
 

 1

1

1
, for any  2n n

a
a na n−

=⎧
⎨ = ≥⎩

 

 
We get, again, !na n= .  This is the same as our recursive definition of n!, just 
rewritten in a slightly different way.   
 
It is easy to calculate on a computer the values of a sequence defined through a 
recurrence relation.  Recall, for example, our calculation of ( ) 1 2 ...s n n= + + +  in 
Chapter 4.  We noticed that (0) 0s =  and ( ) ( 1) , for any  2s n s n n n= − + ≥ .  This led 
to the following Python code: 
 
n = 1 
sum1n = 0 
while n <= nMax: 
    sum1n += n 
    print('{0:3d} {1:6d}'.format(n, sum1n)) 
    n += 1 

 
Here sum1n stands for ( )s n .  Iterations through the while loop are equivalent to 
calculating successive values of ( )s n . 

� � � 

One of the famous sequences defined with a recurrence relation is called Fibonacci 
numbers: 
 
 1 21; 1f f= =  
 1 2 , if 2n n nf f f n− −= + > . 
 
This sequence is named after Leonardo Fibonacci (the name means son of Bonaccio) 
who lived in Pisa in the 13th century, but the numbers were known in India over 
2000 years ago.  Fibonacci came upon the numbers while he was modeling a 
population of rabbits under simplistic assumptions: we start with one adult pair; an 
adult pair produces a pair of baby rabbits each month; a baby rabbit becomes an adult 
after one month; the rabbits never die.  This model results in the Fibonacci recurrence 
relation for the number of adult pairs after n months (Figure 11-1).  The sequence 
goes like this: 1, 1, 2, 3, 5, 8, 13, 21, 34, and so on.  nf  represents the number of 
adult pairs of rabbits at month n.  The total number of pairs of rabbits — adults and 
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babies — is also a Fibonacci sequence, but it starts at 1 21; 2p p= = , 

1 2 , if 2n n np p p n− −= + > . 
 
 

  

 
 

n = 1 ... 

 

 

n = 2

 

 

 

n = 3

 

 

 

 

 

 

 

 

n = 5 

 

 

 

 

 

n = 4

 
Figure 11-1.  Rabbits’ population growth in the Fibonacci model. 

 — adult pair    — baby pair 

 
 
Fibonacci numbers have many interesting properties.  For example, the sequence of 

ratios of consecutive Fibonacci numbers 1n
n

n

fr
f
+=  converges to the golden ratio 

1 5 1.62
2

τ +
= ≈ .  Fibonacci numbers pop up in various branches of mathematics 

and in the natural world (Figure 11-2; search the Internet for “fibonacci + nature” for 
other examples). 
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Figure 11-2.   Broccoli Romanesco.  The numbers of clusters in 

the spirals form Fibonacci sequences. 
Photograph by Madelaine Zadik, courtesy Botanic Garden of Smith College. 

 
 

Exercises 
 
1. Consider a function 

 

 
1, if 1

( )
2 ( 1) 1, if 1

n
f n

f n n
=⎧

= ⎨ ⋅ − + >⎩
 

 
What is (4)f ?   

 
2. A function on positive integers is described by 

 

 
1, if 1

( )
( 1) 2, if 1

n
f n

f n n
=⎧

= ⎨ − + >⎩
 

 
Redefine it by a simple non-recursive formula. 

 
3. Define ( ) 2nf n =  recursively, in terms of ( 1)f n − , for all integers 1n ≥ .   
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4.� Write a recursive definition of a function ( )f n  that has the following 
properties: (1) 10, (2) 30f f= = , and the values (1), (2), ..., ( ), ...f f f n  form 
an arithmetic sequence.   

 
5.� The same as Question 4, but for a geometric sequence. 
 
6.� Describe the function from Question 1 with a simple formula, without 

recursion. 
 

7.� Define recursively, without factorials, the function !( )
( 3)!

nf n
n

=
−

 for 

integers 3n ≥ .   
 
8. Given 1 11, n na a a n−= = +  for any 2n ≥ , describe na  with a simple 

non-recursive formula in terms of n. 
 

9.� Write a Python program that prompts the user to enter a positive integer n 
and prints the first n Fibonacci numbers. 

 
10.� Find a sequence that satisfies the Fibonacci equation 

1 2 , if 2n n na a a n− −= + >  and, at the same time, is a geometric sequence with 

1 1a = .  How many such sequences are there? 
 

11.3 Recursion in Programs 
 

  
 
Now back to our favorite, ( ) 1 2 ...s n n= + + + .  As we have seen, the recursive 

definition of ( )s n  is 
1, if 1

( )
( 1) , if 1

n
s n

s n n n
=⎧

= ⎨ − + >⎩
.  Now suppose, just out of curiosity, 

we implement this definition directly in a Python function: 
 
def sum1toN(n): 
    if n == 1: 
        return 1 
    else: 
        return sum1toN(n-1) + n 
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Will this work?  What will sum1toN(5) return?  As you know, in a program, a 
function translates into a piece of code that is callable from different places in the 
program.  The caller passes to the function some argument values and a return 
address — the address of the instruction to which to return control after the function 
finishes its work.  So how can this work when a piece of code passes control to itself?  
Won’t the program get confused?  Won’t Python choke trying to swallow its own 
tail? 
 
And yet it works!  Try it:   
 
>>> sum1toN(5) 
15 

 
Because recursion is such a useful tool in programming, the developers of Python 
(and other programming languages) have made special efforts to ensure it works.  
There are also CPU instructions that facilitate implementing recursive calls. 
 
Here is an allegory for what happens.  Imagine a function as a mail-order bakery.  To 
place an order you take an empty box, put your written order into it and also put in a 
label with your address, and ship it to the bakery.  The baker, call him Frank, receives 
the box, reads the order (the arguments you pass to the function), bakes the cake you 
ordered, puts it in the box, attaches your label, and ships the box back to you. 
 
Now suppose Frank has received an order and is working on it.  Meanwhile a new 
order arrives.  Frank immediately drops what he is doing, saves the unfinished cake 
(the values of the local variables) in the box the order came in, then puts the new box 
that has just arrived on top of the one he was working on, opens the new box, and 
starts working on that.  Meanwhile a new order arrives.  Frank immediately drops 
what he is doing, saves the unfinished cake (the values of the local variables) in the 
box the order came in, then puts the new box that has just arrived on top of the one he 
was working on, opens the new box, and starts working on that.  Meanwhile...  You 
get the picture.  The orders keep coming and the boxes keep piling up: now there is a 
whole stack of them. 
 
Finally, at some point, Frank gets a break: the orders stop coming.  Frank finishes the 
top order and ships it to the customer.  He then finishes the one that was just below it 
and ships that to the customer.  And so on, until he gets to the bottom of the stack, to 
the last remaining order, finishes that order, and goes home. 
 
You might be wondering: Why is Frank processing orders in this funny sequence? 
The order that came in last is completed first.  Wouldn’t it be more fair to do it in a 
first-in-first-out manner?  In a moment you will see why Frank does it his way. 
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One day, Frank received an order for a multi-layered wedding cake with four layers.  
The layers in such a cake are basically the same, only each layer is smaller in 
diameter than the one beneath it.  Frank started working on the bottom layer, but 
began to worry that he’d get confused in all the layers.  Luckily, a friend of his (a 
computer programmer) came up with this fabulous idea: why doesn’t Frank send an 
order to himself for a multi-layered cake that consists of the three top layers, and 
then, when the three-layer cake is ready, just put it on top of the layer he is working 
on?  Frank doesn’t have to ship his order very far, of course, but he still follows his 
usual procedure: takes an empty box, writes out an order for a three-layer cake, 
writes a label with the return address (his own) and sends in the order (by putting the 
box on the top of the stack).  Then as usual, he opens the box and sees: aha, an order 
for a three-layer cake!  So he writes himself an order for a two-layer cake.  You get 
the picture.  Finally Frank receives (his own) order for a single-layer cake.  He 
finishes it quickly and ships it back (to himself, of course).  He receives it, uses it to 
complete the two-layer cake, and ships that back (to himself).  Receives it, completes 
the three-layer cake, ships back, receives that, completes the four-layer cake, and 
finally ships it to the customer.  Due to his LIFO (last-in-first-out) method, Frank 
untangles the whole layered business without any confusion. 
 
This seems like a lot of shipping back and forth, but it is easy for a computer.  Python 
allocates a special chunk of memory, called a stack, for recursive function calls.  The 
CPU has the push instruction that puts a data item onto the top of the stack.  The 
complementary pop instruction removes and returns the top item. 
 
In Python, Frank’s activity may be represented as something like this (assuming the + 
operator is properly defined for cakes): 
 
def bakeSingleLayeredCake(d): 
    'Bakes a simple cake of diameter d' 
    return Cake(d) 
 
def bakeMultiLayeredCake(n): 
    'Bakes a cake with n layers' 
    d = 3 * n  # the diameter of the bottom layer in inches 
    cake = bakeSingleLayeredCake(d) 
    # Base case: n == 1 -- do nothing 
    # Recursive case: 
    if n > 1: 
        cake += bakeMultiLayeredCake(n - 1) 
    return cake 

 
For a recursive function to work, it must have a simple base case, where 
recursive calls are not needed. 
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In the above code, n == 1 is the base case. 
 

When a function is called recursively, it must be called for smaller and 
smaller tasks, which eventually converge to the base case (or one of the 
base cases). 

 
Each time we call the function bakeMultiLayeredCake(n-1) recursively, we call 
it with an argument that is smaller by 1 than the previous time. 
 
Recursion has its cost: first, you need to have enough space on the stack and, second, 
the code spends extra time pushing and popping data and calling the same function.  
Iterations are often more efficient.  But some applications, especially those dealing 
with nested structures or branching processes, require a stack anyway, and recursion 
allows you to write very concise and clear code. 
 

Example 1 
 
Write a recursive function that calculates 10n  for a non-negative integer n. 
 

Solution 
 
def pow10(n): 
    if n == 0:  # base case 
        return 1 
    else: 
        return pow10(n-1) * 10 

 

Example 2 
 
Write a recursive function that returns the sum of the digits in a non-negative integer. 
 

Solution 
 
def sumDigits(n): 
    s = n % 10 
    # Base case: n < 10 -- do nothing 
    # Recursive case: 
    if n >= 10: 
        s += sumDigits(n // 10) 
    return s 
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Example 3 
 
Write a recursive function that takes a string and returns a reversed string. 
 

Solution 
 
def reverse(s): 
    if len(s) > 1: 
        s = reverse(s[1:]) + s[0] 
    return s 
 

The base case here is implicit: when the string is empty or consists of only one 
character, there is nothing to do. 

� � � 

A very popular example of recursion in computer programming books and tutorials is 
the “Towers of Hanoi” puzzle.  We have three pegs and n disks of increasing size.  
Initially all the disks are stacked in a tower on one of the pegs (Figure 11-3).  The 
objective is to move the tower to another peg, one disk at a time, without ever placing 
a bigger disk on top of a smaller one. 
 
 

 

 
Figure 11-3.   The Towers of Hanoi puzzle 

 
 
The key to the solution is to notice that in order to move the whole tower, we first 
need to move a smaller tower of n-1 disks to the spare peg, then move the bottom 
disk to the destination peg, then move the tower of n-1 disks from the spare peg to 
the destination peg (Figure 11-4). 
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Start: 

 

 
Move a smaller tower (recursion) : 

 

 
Move one disk: 

 

 
Move a smaller tower (recursion) : 

 

 
Figure 11-4.  A recursive solution to Towers of Hanoi 

 

Example 4 
 
Write a recursive function that solves the Towers of Hanoi puzzle for n disks. 
 

Solution 
 
def moveTower(nDisks, fromPeg, toPeg): 
    sparePeg = 6 - fromPeg - toPeg 
    if nDisks > 1: 
        moveTower(nDisks - 1, fromPeg, sparePeg) 
 
    print('From ' + str(fromPeg) + ' to ' + str(toPeg)) 
    # This code does not model disk movements 
    # -- it just prints out each move 
 
    if nDisks > 1: 
        moveTower(nDisks - 1, sparePeg, toPeg) 

 
If we want to move a tower of, say, seven disks from peg 1 to peg 2, an initial call to 
moveTower would be moveTower(7, 1, 2). 

� � � 

 

 
 
 
 
 
 
 
 

 

C
op

yr
ig

ht
 ©

 2
00

8-
20

10
 b

y 
S

ky
lig

ht
 P

ub
lis

hi
ng

 



  11.3  ~   RECURSION IN PROGRAMS 199 

  

Note that in the above example the function does not return a value (more precisely, 
it returns None), so it is a recursive procedure.  Programming this task without 
recursion would be rather difficult. 
 

Exercises 
 
1. Write and test a recursive function that returns n!.  Do not use any loops.   
 
2. In Section 5.3 Question 7, you created a function intToBin(n) that takes a 

non-negative integer and returns a string of its binary digits.  For example, 
intToBin(5) returns '101'.  Rewrite this function recursively, without 
any loops.  Hint: implement two base cases: n == 0 and n == 1: they 
cover the situations when n has only one binary digit.  

 
3. Write and test a function 

 
def printDigits(n): 

 
that displays a triangle with n rows, made of digits.  For example, 
printDigits(5) should display 
 
55555 
4444 
333 
22 
1 

 
The function’s code under the def line should be three lines.  Hint: 
print n*str(n) prints ‘n’ n times.    

 
4. The same as Question 3, but invert the triangle, so that printDigits(5) 

prints 
 
1 
22 
333 
4444 
55555 

 
5. Explain the statement sparePeg = 6 - fromPeg - toPeg in 

Example 4.   
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6. Identify the base case in the moveTower function in Example 4.   
 
7. Without running the code in Example 4, determine the output when 

moveTower(3, 1, 2) is called.  
 
8. The Towers of Hanoi puzzle was invented by the French mathematician 

Edouard Lucas in 1883.  The “legend” that accompanied the puzzle stated 
that in Benares, India, there was a temple with a dome that marked the center 
of the world.  The Hindu priests in the temple moved golden disks between 
three diamond needles.  God placed 64 gold disks on one needle at the time 
of creation and the universe will come to an end when the priests have 
moved all 64 disks to another needle.  What is the total number of moves 
needed to move a tower of 2 disks? 3 disks? 4 disks? n disks?  Assuming one 
move per second, estimate the lifespan of the universe.   

 

11.4 Mathematical Induction 
 
Let nd  be the number of moves required to move a tower of n disks in the Towers of 
Hanoi puzzle.  It is pretty obvious that, for 1n > , 1 1 11 2 1n n n nd d d d− − −= + + = + , 
because to move a tower of n disks, we need to first move a tower of n-1 disks, then 
one disk, then again a tower of n-1 disks.  If you finished the last exercise, you 
probably guessed correctly that 2 1n

nd = − .  How can we prove this fact more 
rigorously?  In questions of this kind we can use the method of proof called 
mathematical induction. 
 
Suppose you have two sequences, { }na  and { }nb .  Suppose that: 

1. 1 1a b=  (base case). 

2. For any 1n >  you have managed to establish the following fact: if 1 1n na b− −=  
then n na b= . 

 
Is it true then that n na b=  for all 1n ≥ ? 
 
Let’s see: we know that 1 1a b= .  We know that if 1 1a b=  then 2 2a b= .  So we must 
have 2 2a b= .  Next step: we know that 2 2a b= .  We know that if 2 2a b=  then 

3 3a b= .  So we must have 3 3a b= .  Next step: ... and so on.  We have to conclude 
that n na b=  for all 1n ≥ .  In the future, we do not have to repeat this chain of 
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reasoning steps every time — we just say our conclusion is true “by mathematical 
induction.” 
 

Example 1 
 
Prove that the number of moves in the Towers of Hanoi puzzle for n disks 

2 1n
nd = − . 

 

Solution 
 

nd  satisfies the relationship 
 

 1

1

1,
2 1 for 1n n

d
d d n−

=
= + >

 

 
We want to show that 2 1n

nd = −  for all 1n ≥ . 
 

1. First let’s establish the base case, n = 1.  1 1d =  and 12 1 1− = , so 1
1 2 1d = − .  

OK. 
 
2. Now let’s proceed with the induction step.  Assume that 1

1 2 1n
nd −
− = − .  Then 

1
12 1 2(2 1) 1 2 2 1 2 1n n n

n nd d −
−= + = − + = − + = − .  So, for any 1n > , we were 

able to show that if 1
1 2 1n

nd −
− = −  then 2 1n

nd = − . 
 
By mathematical induction, 2 1n

nd = −  for all 1n ≥ , Q.E.D. 

� � � 

The method of mathematical induction applies to any sequence of propositions { }nP .  
Suppose we know that 1P  is true; suppose we can show for any 1n >  that if 1nP −  is 
true then nP  is true.  Then, by mathematical induction, nP  is true for all 1n ≥ .  (In 
the above example, nP  is the proposition that 2 1n

nd = − .) 

 

 
 
 
 
 
 
 
 

 

C
op

yr
ig

ht
 ©

 2
00

8-
20

10
 b

y 
S

ky
lig

ht
 P

ub
lis

hi
ng

 



202 CHAPTER 11  ~  RECURRENCE RELATIONS AND RECURSION 

  

 
Sometimes it is necessary to use a more general version of mathematical induction, 
with several base cases and a more general induction step.  Suppose that: 

1. 1, ..., kP P  are true (base case(s)). 

2. For any n k>  we can prove that if 1 2 1, ,..., nP P P −  are all true, then nP  is true. 
 
Then, by mathematical induction, nP  is true for all 1n ≥ . 
 

Example 2 
 

Prove that the n-th Fibonacci number 
23

2

n

nf
−

⎛ ⎞≥ ⎜ ⎟
⎝ ⎠

. 

 

Solution 
 

1. We can establish two base cases: 

 
1 1 2

1
2 3 31
3 2 2

f
− −

⎛ ⎞ ⎛ ⎞= ≥ = =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

 
0 2 2

2
3 31
2 2

f
−

⎛ ⎞ ⎛ ⎞= ≥ =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

. 

2. Now the induction step.  Assume that for any m n<  
23

2

m

mf
−

⎛ ⎞≥ ⎜ ⎟
⎝ ⎠

.  In 

particular, for 2n > , 
3

1
3
2

n

nf
−

−
⎛ ⎞≥ ⎜ ⎟
⎝ ⎠

 and 
4

2
3
2

n

nf
−

−
⎛ ⎞≥ ⎜ ⎟
⎝ ⎠

.  Then 

 

 
3 4 4

1 2
3 3 3 3 1
2 2 2 2

n n n

n n nf f f
− − −

− −
⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= + ≥ + = + =⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 

                                                                        
4 4 23 5 3 9 3

2 2 2 4 2

n n n− − −
⎛ ⎞ ⎛ ⎞ ⎛ ⎞⋅ > ⋅ =⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 

 
So the proposition is true for the two base cases, and if it is true for 1n −  and 2n −  
then it is also true for n.  By math induction, it is true for all 1n ≥ , Q.E.D. 

� � � 
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If you finished Question 9 from Section 11.2, you probably tried to print the first 100 
Fibonacci numbers and got 100 354224848179261915075f = .  The above result 
explains why Fibonacci numbers grow so fast. 
 

Exercises 
 
1. Prove using mathematical induction that 21 3 5 ... (2 1)n n+ + + + − = .   
 
2.� Consider the following function: 
 

def tangle(s): 
    n = len(s) 
    if n < 2: 
        return ''  # empty string 
    else: 
        return tangle(s[1:n]) + s[1:n-1] + tangle(s[0:n-1]) 

 
Show that tangle('abcde') returns a string that contains neither 'a' 
nor 'e'. 

 
3.� Show that for a string s of length n, tangle(s), defined in Question 2, 

returns a string of length 12n
nL n−= − .  Hint: first obtain a recurrence 

relation for nL , then prove it using mathematical induction.  
 
4.� Suppose you have n straight lines in a plane, such that no two lines are 

parallel to each other and no three lines go through the same point.  Show 
that the number of regions into which these lines cut the plane depends only 
on n, but not on a particular configuration of the lines.  Find a formula for 
that number and prove it using mathematical induction.  Hint: when you 
add a line, the existing lines cut it into pieces.  Each of these pieces cuts a 
region into two, adding a new region.    

 
5.� Consider the sequence 0 1 1 22, 2, 2 3 for 2n n na a a a a n− −= = = + ≥ .  Write a 

Python program that prints out the first n terms of this sequence.  Examine 
the pattern and come up with a non-recursive formula for na , then prove that 
your guess is correct using mathematical induction.  Hint: compare na  
to 3n .  
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6.� Consider a recursive version of the function that returns the n-th Fibonacci 
number: 
 
def fibonacci(n): 
    if n == 1 or n == 2: 
        return 1 
    else: 
        return fibonacci(n-1) + fibonacci(n-2) 

 
Test it with n = 6 and n = 20.  Now test it with n = 100.  The computer won’t 
return the result right away.  Perhaps the recursive version takes a little 
longer...  Prove by mathematical induction that the total number of calls to 
fibonacci, including the original call and all the recursive calls combined, 
is not less than the n-th Fibonacci number nf .  We have shown above that 

23
2

n

nf
−

⎛ ⎞≥ ⎜ ⎟
⎝ ⎠

.  Assuming that your computer can execute one trillion calls per 

second, estimate how long you will have to wait for fibonacci(100) (in 
years).  Press Ctrl-C to abort the program.  As we said earlier, sometimes 
recursion can be costly. 

 

11.5 Review 
 
Terms introduced in this chapter: 
 

Recurrence relation 
Fibonacci numbers 
Golden ratio 
Recursion 
Recursive function 
Recursive procedure 
Base case 
Mathematical induction 
 

 

 
Python feature introduced in this chapter: 
 

Recursive functions 
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